Metal Building Systems (MBS) are frequently constructed with mezzanines contained in their floor plans. These mezzanines can be heavy and have a significant impact on the seismic design and performance of the MBS. When a mezzanine is attached to the MBS, it is not clear to the designer whether it should be treated as a one-or two-story building. It is also not clear how the seismic forces should be distributed vertically. Validity of common assumptions about mode shapes and the first-mode dominating system response was investigated. A codified design procedure was compared with a simpler procedure commonly used by MBS designers. A parametric study suggests that the current building code procedure for vertical distribution of seismic forces may be inapplicable to the design of MBS moment frames because it does not properly address the unique dynamic characteristics of the system. The parametric study and a recommendation for a design procedure are presented in this paper.
INTRODUCTION
It is not uncommon that Metal Building Systems (MBS) are designed with partial floor mezzanines attached (See Figure 1) . These mezzanines can range in size from a small fraction to almost the entire building area. In addition to a large variation in size, they can carry very light to very heavy gravity loads compared to the weight of the remainder of the structure. This variability leads to uncertainty
Figure 1. MBS with mezzanine attachment
about how to treat the mezzanines when calculating seismic force demand on the MBS moment frames. The codes are not clear when to treat a mezzanine as a separate floor or as an attached mass (Bachman, et. al., 2008) . If the designer treats the mezzanine as a floor, ASCE/SEI 7 (ASCE, 2005) provides a method of distributing seismic base shear to each story in the building. This method is based on some assumptions that may not apply to the whole range of mezzanine configurations found in MBS. It is desired to investigate the code method for distributing seismic loads, as well another common design method, to determine their applicability to MBS frames with mezzanines.
BACKGROUND AND THEORY
In a MBS, a partial floor mezzanine may be located in a corner, along a side or end wall, or even central to the floor area and not attached to a wall (See Figure 2) . Regardless of location and orientation, one may think of a MBS with a mezzanine as a two degree-of-freedom (2-DOF) dynamic system. There are two natural modes of vibration in a 2-DOF system. The elastic response of a 2-DOF system, to a ground motion, is determined by the individual responses of each mode. Discussion will be limited to elastic response only since the current practice is to determine seismic load distribution based on elastic properties. Each mode in a classically damped building is defined by a natural period and an equivalent viscous damping ratio. These modes each vibrate the structure in a constant displaced shape with only the amplitude of the shape varying (i.e., mode shape). Each mode is treated as a single degree-of-freedom (SDOF) system subjected to the ground motion, and using superposition, the sum of their responses defines the total 2-DOF response. To perform this modal analysis, the designer must be able to determine the two periods and mode shapes.
The damping ratios, ζ n , are usually a product of engineering judgment. ASCE/SEI 7 (ASCE, 2005) assumes 5% damping for all structures. However, recent shake table testing of three full-scale MBS, at UCSD, has revealed a damping ratio of 1% -2% for these systems (Uang, et. al., 2011) .
Determination of the natural periods and mode shapes is straightforward from dynamics. The periods and mode shapes are functions of the mass and stiffness matrices. These matrices may be derived using either flexibility or stiffness methods. The flexibility method may lend itself well to current MBS design software. Alternatively, a variation of the stiffness method, which may be appealing to MBS designers, is presented here. In developing this method, a MBS moment frame with a mezzanine attachment to one column will be used. However, this same method can be used for a frame with any mezzanine configuration or lean-to structure. MBS designers are familiar with determining the lateral stiffness of the moment frame, k f . Some design software automatically reports this parameter. If not readily available from design reports, it is easily obtained by applying a half-unit lateral load at each eave location, similar to the common practice used when applying seismic equivalent lateral forces. The average eave displacement corresponding to this load case is inverted to give the frame stiffness. A less available parameter is the mezzanine stiffness, k m . This parameter can be found by restricting lateral displacement at the eaves, by placing single direction supports (rotation and vertical movement is allowed), and applying a unit lateral load at the mezzanine. The corresponding displacement of the mezzanine is inverted to give k m . An additional parameter that will be used is α. Parameter α is the fraction of the mezzanine load that is transferred up to the remaining frame. It is obtained by the sum of reactions at the eaves, due to the mezzanine-unit load case mentioned above. It is a measurement of how much stiffer the remaining frame is compared with the column section below the mezzanine. These parameters define the 2-DOF stiffness matrix:
The 2-DOF mass matrix is much simpler to obtain:
where W mezz and W roof are the tributary weights of the mezzanine and roof stories, respectively, and g is the acceleration of gravity.
Natural periods (T n ) and mode shapes (φ n ) may be determined from k and m directly through an eigenvalue analysis. Because there are only 2 modes, it is easy to obtain closed-form solutions. To aid in later investigations, two additional variables will be defined and used in the closed-form equations. The first, K r , is the ratio of k z to k f . The second, M r , is the ratio of W mezz to W roof . Using these parameters, the following closed-form equations for T 1 , T 2 , φ 1 , φ 2 are provided below :   2  2  2  2  2 2  2 4   1  2  2  2  2  11  22  22  11  11 22  11 22  22  22  22   2  2  2  2  2 2  2 4   2  2  2  2  2  11  22  22  11  11 22  11 22  22  22  22   2  2  2  1  2  2   2  2  2  1  2 2 
The Equivalent Lateral Force (ELF) method of determining seismic force demand in a structure is commonly used in MBS design. As defined in ASCE/SEI 7 (ASCE 2005), this method computes the design seismic base shear, V b , as a function of a design response spectrum, and the fundamental natural period of the structure. The design response spectrum depends on ground motion parameters, S DS and S D1 , which vary over the U.S. After V b is found, a portion of this force must be distributed to each story level. The method used to distribute force relies on two assumptions. First, all of the mass is assumed to vibrate in the first mode. Second, the first mode shape is assumed. These assumptions are made because the actual force distribution depends on the stiffness of the structure, which is not known before a design is available. Both of these assumptions will be investigated to determine their validity for MBS frames with mezzanines.
Before the investigations can begin, the exact solution must be obtained. As previously mentioned, the response of an elastic structure to a ground motion is the summation of each modal response. The base shear at any time, t, for a 2-DOF system can be defined as:
where A n (t) is the pseudo-acceleration response of a SDOF with T n and ζ n (Chopra, 2007) .
* n M is the effective modal mass, or the amount of mass vibrating in the nth mode. A modal mass participation factor, M pn , can be found for each mode by dividing the effective modal mass by the total mass of the system, M tot . The equation for V b may be rewritten:
Therefore, the base shear response depends on both the modal mass participation factors and the ground motion. The story forces F can also be determined from modal superposition: 1 1 2 2 2 2
Therefore, the story forces depend on the modal mass participations factors, the ground motion, and the mode shapes.
By assuming the first mode dominates all responses, the modal mass participation factors are set to 1 and 0 for the first and second mode, respectively. The analysis can be further simplified since the peak value of A 1 , s a , determines the demand on the structure. This peak value is found from the design response spectrum in ASCE/SEI 7 (ASCE, 2005) . This simplification of F results in the following equation: ASCE/SEI 7 uses a method of calculating these story forces, which assumes the shape of the first mode. It is assumed to be a function of the height of each story and a parameter k, which depends on the first natural period. This assumed shape takes a linear or parabolic form depending on k, resulting in the following equation for the ELF at story i, which will be referred to as the ASCE 7 method.
where Wi is the tributary weight at story i. Another common practice in the MBS design industry is to assume the first mode shape is equal to unity at each level, resulting in an equation for story forces that depends only on the distribution of weight, which will be referred to as the Weight method:
To determine the validity of the two assumed mode shapes and the assumption that the first mode dominates response, a parametric study was performed. The parameters varied were α, K r , and M r . These three parameters completely determine the mode shapes and the modal mass participation factors.
Realistic bounds on these parameters were needed. When one considers a mezzanine as simply a mass attached at mid-height of a MBS frame, it is apparent that lean-to structures might also be treated this way (See Figure 1) . Since lean-to structures are very light, compared to the remainder of the MBS, values of M r approaching 0 are possible. If one considers a mezzanine which spans the full length of the frame, and attached at both end columns, values as high as 20 are reasonable. These two values set the bounds for M r . A reasonable lower limit for K r is likely between 1 and 2. This limit may be exceeded in some cases with centrally located mezzanines, so values approaching 0 were also considered, though most likely not common. A realistic upper bound on K r was not able to be determined, so 50 was chosen initially. Finally, α must necessarily be bounded by 0 and 1; however some reasonable assumptions lead to tighter bounds for this study.
Firstly, this study assumes that the majority of MBS frames are designed with pinned bases. Secondly, the height of the mezzanine was assumed to be at or near 50% of the eave height. With these two assumptions, a lower bound may be set by considering a pin-pin, prismatic, column supporting the mezzanine at mid-height. This setup would result in an α of 0.5. Many times, the upper end of the column will not be pinned, and the column will be tapered, resulting in higher values of α. An actual tapered MBS frame column was modeled with a fixed upper support, resulting in an α of 0.8. Since no frame column is perfectly fixed at its upper end, this was deemed a reasonable upper bound. A value of α = 0.6 is a good preliminary guess when calculating the above stiffness matrix. With reasonable bounds determined, both mode shapes were calculated at increments of each parameter. Modal mass participation factors were also calculated for each increment of parameter.
First-Mode-Only Assumption
It was first desired to determine if the first mode truly dominated structural response for these systems. To do so, the modal acceleration responses for each mode, as well as the modal mass participation factors were needed. The case which would have the most likely possibility of violating this assumption would be when the spectral acceleration of the first mode was as small as possible compared with that of the second mode. It was found that a reasonable upper limit on MBS frame periods is 1 s, making the scenario easy to compose. Using spectral acceleration maps from ASCE/SEI 7, a random sample of S DS and S D1 values were computed in high seismic regions. It was found that 0.4 was a reasonable lower bound ratio of S D1 / S DS . Since an upper bound on the period of MBS was 1 s, S D1 =0.4 was taken as the spectral acceleration of the first mode and S DS =1 was taken for the second mode.
Since the modal mass participation factor was calculated at each value of the three parameters, there was a very large sample of M p1 available to determine a reasonable value to use for investigation. The mean and standard deviation of M p1 were found to be 0.984, and 0.019, respectively. Since these values are based on a uniform likelihood of each parameter, these values are incorrect. However, further investigation suggests they are still reasonable values. To allow plotting, one of the three parameters needed to be removed from consideration. To do this, the mass participation factor was averaged over all α values for each value of K r and M r . Figure 3 shows the range of M p1 values as a function of K r . It can be seen that when K r > 2, M p1 can vary between 95% and 100%. Therefore, it was determined that the previous values were reasonable, and a M p1 = 0.984 -0.019 = 0.965 was assumed revealing that the second mode has a maximum contribution to total base shear of only 9.1% of the maximum contribution from the first mode. Thus, it seems reasonable to assume that the first mode dominates the response of these systems. However, the peaks of the modal responses do not always occur simultaneously so at some time, t, the response may be completely determined by the second mode. This may lead to the invalidity of this assumption when considering internal forces such as column shear or moment around the mezzanine attachment. Also, for systems with K r < 2, M p1 becomes very small and these results are likely invalid. For the remainder of this investigation, the base shear results will be deemed sufficient to hold the first-mode-only assumption valid.
Force Distribution Methods
Next, it was desired to investigate the methods used to vertically distribute ELFs. From the parametric study and simplifying assumptions mentioned above, it was straightforward to compute the percentage of base shear assigned to each story using the exact first mode equation, the ASCE 7 method, and the Weight method. When using the ASCE 7 method, a k = 1 was assumed for simplification. If k > 1, the Mass Participation Factor, Mode K r error of the ASCE 7 method should be expected to increase. The error was measured by the difference between a given method and the exact equation for each parameter value. This error is the percentage of the base shear that is incorrectly assigned to a story. Again, to allow plotting, one of the three parameters needed to be removed. For each value of M r , and K r , the maximum error for any value of α was taken. This allowed an upper bound error envelope to be plotted for any value of M r and K r .
Plotting revealed that the behavior at K r > 30 was approximately constant with respect to K r . Three-dimensional plots for the error over the parameter space are shown in Figure 4 and Figure 5 for the ASCE 7 method and the Weight method, respectively. These figures show a region of high error at low values of K r . A maximum error envelope, over all values of M r , is shown in Figure 6 . It can be seen that as K r becomes small, the potential errors of both methods increase sharply. The change in error tapers off around K r = 3. This is consistent with the region in which the first modal mass participation factor becomes significantly reduced, which may make the first mode only assumption invalid, also invalidating either method for distributing story forces. It can also be seen that when K r > 3, the errors tend to depend primarily on M r . Figure 7 shows a maximum error envelope as a function of M r . This envelope assumes K r > 3. This plot suggests that the simple Weight method for story force distribution is generally more accurate than the ASCE 7 method. As M r approaches zero, the errors also approach zero. This is expected since M r = 0 corresponds to a system with no mezzanine. Both methods exactly calculate a SDOF system. The Weight method is more accurate because its assumed mode shape more closely matches the actual mode shape. 
IMPLICATIONS
In light of the evidence found in these investigations, the Weight method is recommended for use in seismic design of MBS with mezzanines or lean-to attachments when K r > 2, which should be most cases. It is possible that the ASCE 7 method may be improved by including an estimated α in the equation. Future research will investigate this possibility. Both methods give errors of about 20% or less and may be acceptable. If increased accuracy is desired, the Weight method can be used to determine forces for a preliminary design. After a design is in place, the closed-form solutions presented earlier can be used to determine the first mode shape. This accurate mode shape will determine a better estimate of the story forces, and this process can be repeated until the designer reaches the desired accuracy. It is unlikely, given the general uncertainty level in seismic force determination, that accuracy of this level is necessary, and the Weight method will be sufficient to distribute story forces for design.
It is likely, especially for structures with mezzanines attached to a frame column, that the second mode could have a significant effect on the internal forces for which the structure must be designed. A simple method to determine if this is the case and then account for it is not readily available; however, a more complicated method of modal response spectrum analysis may be performed. Modal response spectrum analysis may be necessary when K r < 2 as well. Modal response spectrum analysis requires further assumptions about how modes interact, some of which will likely have economic impact on the design of MBS. As an example, when using the square-root-of-sum-of-squares (SRSS) method to combine modal responses, a given response quantity loses its sign (Chopra, 2007) . If the response were an internal bending moment, this would render use of the moment gradient, to increase capacity, impossible. This would likely result in increased frame member sizes and a reduced Error (% Base Shear) K r overall economy. A direct summation of modal responses has the potential to be a better solution for MBS designers. This will be investigated further in future research.
CONCLUSIONS
Common assumptions about seismic forces were investigated. It was shown that in a reasonable worst-case, the second mode could contribute to the base shear response, at a maximum, less than 10% of that which the first mode was capable of contributing. It seems valid that only the first mode's contribution be included when calculating seismic force demands. Since the first mode shape cannot be known until a preliminary structure is designed, two common story force distribution methods were compared with the actual first mode force distribution. Because both methods made assumptions about the mode shape, both produced low errors. The Weight method was found to be generally more accurate throughout a reasonable range of structural parameters and is recommended for use in design. There is room for improvement on the ASCE 7 method which may help make it more accurate. This research will continue with an effort to develop a method to dismiss or account for contribution of the second mode when designing for internal forces. Regardless of whether a mezzanine is considered a floor or not, the results found in this paper are valid as long as the structure can be idealized as a 2-DOF system.
